DECAY OF QUANTUM CORRELATIONS IN A LATTICE 

BY HEAT KERNEL METHODS. 



^ ; L. AMOUR, C. CANCELIER, P. LEVY-BRUHL and J. NOURRIGAT 

O ! Departement de Mathematiques, UMR CNRS 6056 

^ ■ Universite de Reims. B.R 1039. 51687 Reims Cedex 2. France 

• Abstract 

, We prove some estimations of the correlation of two local observables in quantum spin systems (with 

' Schrodinger equations) at large temperature. For that, we describe the heat kernel of the Hamiltonian for 

a finite subset of the lattice, allowing the dimension to tend to infinity. This is an improved version of an 
earlier unpublished manuscript. 
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1. Introduction. 



> 

I In the last years, many works were devoted to the estimates, or asymptotics, of the correlation of two 

■ local observables, (or Ursell functions of n local observables), for classical spin systems, at large, or at small 

I temperature. The aim of this work is a beginning of a similar study for quantum spin systems, related to 

' the Schrodinger equation, (for two observables, at large temperature). 



In classical statistical mechanics on a lattice L, an interaction is the definition, for each finite subset A 
of L, of a function Va on IR'^, or (IR^)^ if there are p degrees of freedom at each site. Then, for each /? > 
' (the inverse of the temperature), the mean value of the local observable /, (i. e. of a function / on (JR^*)"^), 

. is; 

i?A,^(/) =Za(/3)-i / e-^^*(^)/(^)da; Za(/5) = / e-^^'^^^^dx. 



The bilinear analogue (correlation of two local observables), or the multilinear analogue (Ursell function 
of n local observables), are defined in a standard way, (see, for example, D. Ruelle [21], B. Simon [22] or 
■ R.A. Minlos [18]). We say that / is supported in a part i5 of A if / depends only on the variables xx 

corresponding to sites A which are in E. A classical problem is to estimate the decay of the correlation of 
two local observables / and g with disjoint supports E and F when the distance of E and F tends to +oo. 
When P is small enough (large temperature), this is a classical result of L. Gross [10]. For the study of 
Ursell functions at high temperature in classical mechanics, (tree decay), see, for example, Bertini, Cirillo 
and Oliveri [8]. For a small temperature, the problem is more complicated and more hypotheses are needed: 
see the works of Helffer, Sjostrand, V. Bach, T. Jecko, J.S. MoUer, O. Matte, ... [6], [7], [11] to [17], [24], [25]. 

In this work, we are interested to similar results in quantum statistical mechanics, for /3 small enough. 
Let us consider a quantum d-dimensional lattice of particles, each of them moving in IR^. To each finite 
subset A of the lattice L — TL"^, we shall define below, with more details, a potential Va, which is still a real 
valued function on (IR^)^. We denote by Ha the following differential operator in (IR^)^, depending on the 
Planck's constant h: 

(1-1) Ha = -y 5] A,, + Ua(x) 

AeA 
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where x = {x\)x£a denotes the variable of (IR'')*'^. eaeh variable xx being in K*'. With suitable hypotheses 
(see below), the exponential e~^^^ will be defined for /3 > 0, and will be of trace class. Then, a local 
observable is no more a function, but a bounded operator A on the Hilbert space Hk = L'^{{MF)^). The 
mean value £Ja,/3(^) is defined now, instead of the previous definition, by: 

(1.2) Et,,0{A) = ZAif^r' Tr{e-0"-A), Za(/3) = Tr{e-^"-). 

If is a subset of A, we say that A is supported in if A can be seen as an operator on the Hilbert space 
He- If ^ and B are two local observables, supported in two disjoint subsets Ei and E2 of A, a natural 
definition for the correlation is: 



(1.3) CovA,/3(^, B) = EaA^B) - EkMEaAB)- 

One of the goals of this work is to give an analogue of the result of L. Gross in this situation, and to 
estimate the decay of Cova^/j [A, B) when the distance of the supports Ei and E2 of A and B tends to 
+00 (see Theorem 1.3 below), assuming that (i is small enough. Perhaps such a bound can be obtained by 
probabilistic methods, (see [1], [18], [19], . . .), but we want here to prove it by a careful study of the integral 
kernel of the operator e~^^'^. Since |A| tens sometimes to +0C', we have to study a heat kernel in large 
dimension, like in Sjostrand [23]. The bound of the correlations is applied to study the rate of convergence 
to some thermodynamic limits, and to prove that there is no phase transitions (discontinuity of the mean 
energy per site) for (3 small enough (see Theorems 1.4 and 1.5 below). 

Now, let us give more details on the interaction, i.e. on the family of functions (Va)acK''- We consider 
a fimction A € C°°(IR^, H) and, for each pair of sites A and /x in the lattice, a function Ba,,* e C°°(IR^^', M). 
For each finite subset A of TL"^, we denote by Va the following potential in (IR^)^: 

(1-4) Vk{x) = ^A{x\) + ^ Bx,i,{xx,Xf,) x = {xx)\eA- 

For sake of simplicity, we assume that B^,a = Bx^n- When invariance by translation is needed, Bx,fj. will 
depend only on A — /i. We shall assume that Bx.fi is small when ]A — /xj is large. More precisely, we assume 
that, for some e e]0, 1[, the following hypothesis is satisfied: 

{Hg) For each a > and /3 > 0, there exists Ca,f3{e) > such that 

V- l|V" BxaW 
(1-5) sup < CcA^)- 

The function A is bounded from below. All the derivatives of order > 1 of A are bounded. For each m > 
and P > 0, we have: 

(1.6) sup (1 + |a;|)'"e-'^^(^) = C„(/3) < +00. 

xeTRf 



In all this paper, we denote by || || the L°° norm of a function. The hypothesis (1.6) is not needed for 
Theorems 1.1 and 1.2, but only for Theorem 1.3, 1.4 and 1.5. For the estimation of correlations (theorem 
1.3), if the two observables are multiplications by bounded functions, we don't need (1.5) for all a and /?, 
but for a finite number. It is the same if the supports of the observables are, for example, single points. 
If (Hs) is satisfied for some e e]0, 1[, there exist Mi(e) and M2{s), (independent of A), such that, for each 
finite set A, and for each point A e A: 

(1.7) sup ||V,,yA|| < Mi(£) sup ^ " ;^|,_;- ^" < M2{e). 
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In the following, the parameter will be denoted by t, since we shall use cvohition equations. All the 
results of this work, excepted the bounds for the first order derivatives, will be valid under the following 
condition: 



(1.8) ht = hp<To ro = M2(£)-^/^ 

The first result is devoted to the description of the integral kernel of e~*'^^ , with inequalities where the 
constants are independent of A, if the condition {H^) is satisfied. We denote by Va the differential, with 
respect to (xa, yx) € K-^^ (A G A) of a C°° function / on (JR^p)^. The norm of Va/(x) is its norm in (IR^*')*. 
We denote by diam(A) the diameter of a subset A of TL''^ . (For the theorem 1.1, the norm in TL'^ is arbitrary.) 

Theorem 1.1. Under the previous hypotheses, the integral kernel UA{x,y,t) of e~'^^^ can be written in the 
form 

(1.9) UA{x,y,t) = (27rt/i2)-f|A|/2 e-^# e-*^(^'^'*\ 

where ipA is a C°° function in (MP)^ x (IR^*)^ x [0, +oo[, depending on the parameter h > 0. Moreover, if 
(Hs) is satisfied, for each finite subset A of TL"^ , we have, for allt>0 

(1.10) sup||VAVA(.,i)|| <iMi(£). 



For each m>2, for all points X^^\ A^"* in A, we can write, if ht < Tq, (the constant of (1-4))-' 

(1-11) sup y: '^^";'^a;:^;"yt/";f''^' ^ ^^rnis), 



where Km{s:) is independent of A. 



J. Sjostrand proved in [23] that, near the diagonal, the integral kernel Ua can be written in the form 
(1.9), and he proved that an approximation modulo 0{h°°) of the function tpA satisfies, near the diagonal, 
inequalities which are equivalent to (1.11). A family of functions satisfying the estimates (1.11) is called in [23] 
a 0— standard function with exponential weight. Here, we study the function -ipA itself, not an approximation, 
and the estimation is global. 

In the semiclassical limit, VA(a;,y, t) is approximated by the product of t by the average of Va on the 
segment [x,y]. By (1.4), this semiclassical approximation is written as a sum of terms, associated to points 
A, or couples of points (A, /u). In the next theorem, we shall describe Va itself, and not its approximation, 
in a similar way. In fact, there will be some difference: instead of a sum taken on the sites A or the couples 
of sites (A,/^) like in (1.4), we shall need, for iJ^a, a sum of hmctions TgipA, associated to all the boxes Q 
contained in A. When it is restricted to the diagonal, the function associated to the box Q will depend 
only on the variables xx (A G Q), and the function will decrease almost like ediam(Q) ^j^gjj q jg large. In 
the literature on classical lattice spin systems, (without Schrodinger equation), the potential Va is often 
supposed to be a sum of such functions. A box of TL"^ is a set of the following form: 

d 

(1.12) A=l[[a„bj] 

where aj and bj are in {aj < bj). In Theorem 1.1, the choice of the norm in was irrelevant, but now 
it is the £°° norm. 

Theorem 1.2. We can define, for each box A ofTL'^, and for each box Q C A, (Q may be a single point), a 
function {TQij)A){x,y,t) (where tpA is the function of Theorem 1.1), such that: 
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1. The Junction {TQip\)(x,y,t) is C°° and depends only on the variables x\ and y\ such that A G Q, and 
on the variables Xx — yx such that X ^ Q, (restricted to the diagonal, this function is supported in Q). 

2. We have: 

(1.13) VA(x,y,i) = VA(0,t/-a;,i)+ ^(TQVA)(x,y,t) 

QCA 

where the the sum is taken on all boxes Q contained in A, including the points. 

3. If (Hg) is satisfied (0 < e < 1), if ht < Tq (defined in (1-8) and (1-7)), for each integer m > 1, for each 
points X^^\ . . ., A^™^ in A, we have, for some constant Km{s) > independent of A: 

(1.14) \\Vxi^y...Vxim,{TQijA){.,.,t,h)\\ < i^„(£)te'^--('3^^^''''-'^""'»(l+diam(Q))2'^. 

Ifm = 0, this result is valid for boxes Q not reduced to single points. // m = and Q is a single point X, we 

can write: 

(1.15) \T[x}Mx,y,t)-tA{xx,yx)+tA{0,yx-xx)\ < K{e){t + hH''). 
where A is the function appearing in (1-4), and: 

(1.16) A{xx,yx) = f A{yx + 9{xx - yx))de. 

Jo 

Now, we shall apply the decomposition of Theorem 1.2 to the study of correlations. For each disjoint 

subsets El and E2 of TZ'^, let us denote by ifop,op(-E'i, E2, t, h) the smallest positive constant such that, for 
each A £ £{Hei) and B G C{TLe^)^ for each box A containing Ex and E2, we have: 



(1.17) |CovA,t(AS)| < Kop,op{EuE2,t,h) \\A\\ \\B\\. 

By the definitions (1.2) and (1.3), this constant exists, and is < 2. Let Kf^^fciEi, E2, t, h) the smallest positive 
constant such that, for each continuous, bounded functions / and g, supported in Ei and E2, for each box 
A containing Ei and E2, we have: 

(1.18) |CovA,t(M/,Mg)| < K(,,f,{Ei,E2,t,h) \\f\\ \\g\\. 
We define similarly Kfc^op{Ei, E2, t, h) and Kop^ic{E\,E2, t, h). 

Theorem 1.3. Let (Va)acz;'' an interaction satisfying (H^), (0 < s < 1). Then, for each 6 such that 
< e < S < 1, there exists ti{e,S) and functions M{N,t,h,e,S) and N{e,S) with the following property. If 
ht < To (defined in (1-8)), and if t < ti{e,5), for each finite disjoint sets Ei and E2, we have: 



a) Kop,op{EuE2,t,h) < M{\EiUE2\,t,h,e,S) 5<i'^t(^i '^^^ . 

b) Kk,k{Ei,E2,t,h)< i inf (|^i|,|£2|) A^(e,^) 5dist(Bi,£.)_ 

c) K,p,k{Ei,E2,t,h)< M(|Si|,t,/i,£,J) 
// / has bounded derivatives, and g is bounded, we can write: 

d) |CovA,t(M/,Mg)| < llV/lloo M M{\Ei\,t,h,e,S) 5<iist(B„i?.)_ 
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The functions denoted by M , as functions of t and h, for fixed e and 5, are bounded, on each com,pact of 
the set {{t,h), h > 0,0 < t < ti{e,d),ht < Tq}. The constant ti{s, 6), limiting the validity of the result, is 
independent of the three sets E\, and A. 

We don't give precisely the behaviour of the constants as functions of t = /3 when t ^ 0, excepted in 
the case of multipHcations by bounded functions. It depends of the behaviour of Cm{t) in the hypothesis 
(Hg). For the proof of this theorem, we obtain, from Theorem 1.2, a decomposition of the integral kernel of 
g-0HA ^hich is similar to the Mayer decomposition in classical statistical mechanics (see B. Simon [22]). 

Now, we arc interested to thermodynamic limits, and to the rate of convergence to such limits. We say 
that a local observable A e £(Ha) is supported in a subset Q C A if A can be seen also as an element of 
The proof of the next theorems 1.4 and 1.5 relies on the estimations of correlations, (Theorem 1.3), 
and also, directly on the decomposition of ipA (Theorem 1.2). 

Theorem 1.4. If the interaction satisfies {H^), if ht < Tq (defined in (1-8)), and ift is small enough, for 
each local observable A, the following thermodynamic limit exists: 

(1.19) u)t{A)= lim EA^,t{A) A„ = {-n, . . . ,n}'^. 

n — ^+oo 

Moreover, if s <6 <1, there exists ti{e, 6) and a function K{h,t,e,S, N) such that, ifht < Tq, ift < ti{e,6) 
and if A„ contains the support of A, 

(1.20) utiA) - Ea„,M) < K{h, t, e, 5, |supp(A)|) \\A\\ 5dist(supp(^),A:i)_ 



Theorems 1.3 and 1.4 can be applied to prove some properties of a state of the C* algebra A associated 

to the family of Hilbert spaces Ha- Let us recall (see B. Simon [22], section II. 1, or Bratteli-Robinson [9]), 
that, if Ai C A2, we have a natural identification of £{Hai) as a subspace of £{Ha2)j and A is the closure 
of the union of (equivalence classes of) all the C{Ha)- Then, for each h and t such that Theorem 1.4 can be 
applied, the limit in (1.19) defines a state on A, still denoted by ujt. Theorem 1.3 proves that this state has 
the mixing property, (quantum analogue of the definition III. 1.21 of B. Simon [22]): 



(1.21) 



lim 



ujt{AoTuB)-ujt{A)LJt{B) =0 \/A,B&A 



if ht < Tq and if t is small enough. Here t„ is the natural translation by a vector u G 7L . For this application, 
it is useful that the condition of validity of Theorem 1.3 does not depend on the number of elements of the 
supports. In this application to the mixing property, invariance by translation is needed, and we assume 
that -Ba.ju depends only on A — /z. 

In the second application, we consider the mean value, not of a local observable, but of the mean energy 
per site. 



Theorem 1.5. // {Hg) is satisfied, and if ht < Tq, the following limit exists: 



(1.22) 



E{t) = lim 



1 



■XAAt), XA{t) 



d 



|A„] " dt 
where ZA{t) is defined in (1.2) and A„ in (1.19). We can write : 



\uZA{t), 



(1.23) 



E{t) 



1 



■XA^t) 



< 



K{t, h) 



n 



The constant K{t,h) is bounded on each compact set of {{h,t), h > 0,t > 0, ht < Tq}. 
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By tlic' last statement, E{t) is a continuous function of t in the domain in which the theorem is applicable: 
in other words, there is no phase transition, if t = /3 is small enough. 



Theorem 1.1 is proved in section 2. The family of operators Tg, which gives a decomposition of any 
function on (IR^')^, and that we use for the proof of theorem 1.2, is explained in section 3. The estimations 
of TqiPa are proved in section 4. In sections 5 and 6, we see how to dissociate two disjoint sets Ai and A2 
when A is their union. Then, in sections 7 and 8, the decomposition of Theorem 1.2 will be applied to the 
correlations. For the bound of correlations in the multiplicative case, section 8 is not needed. Section 9 is 
devoted to the proof of Theorems 1.4 and 1.5. 

This article is an improved version of an earlier unpublished manuscript [3]. We are very grateful to B. 
Helffer, T. Jecko, J. S. Moller, V. Tchoulaevski and V. Zagrebnov for helpful discussions. 

2. Proof of Theorem 1.1. 

The heat kernel Uf^{x,y,f) must satisfy - ^^^xUa + Vjy{x)Ujy = for t > 0. Therefore, if U\ is 
written in the form (1.9), the function in (K^)^ appearing in this expression must satisfy the Cauchy 
problem: 

(2.1) + . V^^A - yA.VA = Vf,{x) - y |V,Va|' 

(2.2) VA(a;,y,0,/i) = 



This section is devoted to the study of this Cauchy problem. We shall use a maximum principle for the 
linearized of (2.1), and more generally, for operators La in (JR*")^ x [0,T] (A e 7L''-,T > 0) of the following 
form: 

(2.3) = ^ + ^y^-Vw - yAw + ^(a^(a;,i) . V,^«), 

(liSA 

where a = (aA)AeA is a family of continuous and boimded fimctions in (IR^')'^ x [0, T], and y G (M'')^. Since 
there is a drift with unbounded coefHcients, and since this maximum principle will be used again, it was 
perhaps useful to give a precise statement: 

Proposition 2.1. Let y G (IR^")^, let a = {a\)\^K be a family of functions such that a\{x,t) (A S A) is 
continuous and bounded in (JRp)^ x [0, T] (T > 0), with values in MP, and u be a function in C{{JRp)^ x 

[0,T])nC'2((]RP)Ax]0,T]) such that u and V^^u (A € A) are bounded in (]Rp)^x]0,T] and u{x,0) = 0. 
Assume that the function f = Lg_u, defined by (2.3), (where h > 0), is bounded. Then we have, for each to 
andt (0<to<t< T), 

(2.4) \\u{. M < \H-M)\\+I \\Lau{., s)\\ ds. 

J to 



Proof. Let x G C°°{{W)^) be a real-valued function with x{x) = 1 if |a;| < 1 and x{x) = if |x| > 2. 
For R>0, set XR{x,y,t) = xO-^w^) , x G (IR^')'^, i > 0. If < io < *, y fixed, and R > 0, the standard 
maximum principle, applied in (IR^*)^ x [to,t] with bounded coefficients in the first order terms, gives 

\\XRu{.,t)\\ < \\Xm{.,to)\\ + I \\La{XRu{.,s)\\ds. 

J to 
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An explicit computation of La{xRu{-, s) with our cut-off function shows that, when R — > +00, ia(xfl'u(-, s) — > 
LaU. The Proposition foUows (we may also let to ^ 0). 

Now, wc give a result of global existence of the solution i/ja of the Cauchy problem (2.1), (2.2), with 
global bounds of all the derivatives of this function, but, at this step, all the bounds, excepted for the first 
order derivatives, may still depend on A, hence on the number of sites in the lattice, which will tend to 
infinity later. 

Proposition 2.2. Assuming only that Va is in C°°((]R^')^), real-valued, and that all its derivatives of order 

> 1 are bounded, then, there exists a unique global classical solution ^p\{x,y,t) in C°°{(MP)^ x (IR^)^ x 
[0, -|-oo[) to (2.1), (2.2). Moreover, we have the estimations (1.10) for the first order derivatives, with Miie) 
defined in (1.1). For each T > and h > 0, all the derivatives of order > 2 with respect to x and y of ip\ 
are bounded on (IR^)^ x (IR^)"^ x [0,T] (with bounds which may depend, at this step, on A, T and h). 

Proof. This result of existence is an adaptation, due to the presence of the term containing , of a similar 

result about a non linear heat equation, proved in [2]. Let us only explain what is new here. In order to 
solve (2.1), (2.2) by a fixed point theorem, we use the explicit solution of the following Cauchy problem 

^ — y 

(2.5) — H —WxU-—i^a:U = f{x,t) {t > to), u{x,y,to) = g{x), 

which is given by 

u{x,y,t) = I Gh{x,x',y,to,t)g{x')dx' + Gh{x,x',y,s,t) f{x',s) dsdx' 

where we set, if < s < t: 



se[to,t] 



(2.6) G,{x,x',y,s,t) = (^^^ ,-^k'-r»(.,.,.,t)l= 

«(^'*) = m{x,y,s,t) = + fx. 

We shall use the following properties of this kernel, where C > is independent of all the parameters: 

f C 
/ \'^xxGh{x,x',y,s,t)\dx' < 



h \ t{t- s) 



To simplify the notations, we assume here that p = I, and we denote by Gh{y, s, t) (resp. G^^\y, s, t)) the 
operator with integral kernel {x, x') Gh{x, x' , y, s, t) (resp. dx^Gh{x, x' , y, s, t j). With these notations, we 
have: ^ 

dx^{Gh{y,s,t)f) = J Gh{y,s,t) dxxf. 

Using this operator, we study the integral equation satisfied, not by '0A itself, but by its derivatives, if we 
want to find tpA satisfying (2.1) and (2.2). For example, if satisfies (2.1) in an interval [toi^i], if 2/ is fixed, 
and if we are given (py^x = Vxx'4'a{-, y, to), we hope that the first order derivatives Uy^\{x, t) = Vxxi^Aix, y, t) 
will satisfy, setting Uy = {uy^x)xe\ and (py = {(Py,x)xeA- 



to. 



= SytPy + Ty{Uy) {Sy(p)^{.,t) = ^ G /, (?/ , t Q , ^ ) 

t 



A) 



{Ty{u))^{.,t)= f !Gh{y,s,t){Vx,VA)ds-^ f Gi^\y,s,t)J2 



u^(.,s)pds 
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In order to solve such integral equations, we set, for each interval I = [to, ti] (0 < to <ti): 

Ei{I) = {u={ux)xeA, MA G C°((]RP)* X /, ||u||i,7 = sup t-'\ux{x,t)\ < 00} , 

(a:,t)e(IRP)AxI 

and we denote by Bij(r) the ball in Ei{I) with radius r and center at the origin. First, we solve Uy — Ty{uy) 
in an interval / = [0,t], (the initial data vanishing at Iq = 0). We can choose ti > such that Ty is a 
contraction from _Bi./(2Mi(e)) into itself, where / = [0, ti] and Mi{£) is defined in (1.7). Let Uy = (Uj,.A)AeA 
be the fixed point of Ty in this interval. Then, we write the integral equation that the second, and third 
order derivatives must satisfy, and we solve them as the first one in an interval [0,ti]. It follows that the 
functions Uy^\ are in (IRP)^x]0,ti[, and satisfy the equation: 

(2.7) ^^P}^ + ^^.v(tUy,A) - yA(to^,A) + Y.^uy,i-^x,t) .\/,^{tUy,x)=td^Mx,t). 
The function -^a defined by: 

V'A 



(ueA 



r r K 

{.,y,t)= / Gh{y, s, t) \Vk{.) - y 



,5)1 

AeA 



ds 



satisfies (2.1) in (IRp)^x]0, The maximum principle, (Proposition 2.1), applied to the equation (2.7), 
shows that \uy^x{x,t)\ < ^Mi{e) if < t < <i, which is a better estimation than which is given by the fixed 
point theorem. Then, we take (py^x{x) = Uy^x{x, ti) as an initial value for a problem in an interval I = [ti, ^2]- 
We want a system of functions, again denoted by Uy, such that Uy = SyLpy + TyUy in this interval. We can 
chose t2 such that the map u — * Syi^ + TyU is a contraction of i?i,/(2Mi(e)) into itself, where I = [ti,t2]- 
We prove again that u is on (lRP)^x]ti,t2[, and satisfies (2.7), which impHes again, by Proposition 2.1, 
that |'UA(a;,f)| < |Mi(e) if < t < ^2- We can iterate this process, and prove the existence of the functions 
Uy^x in a sequence of intervals [tj,tj+i], in which these functions are C^, with bounded derivatives. At each 
time. Proposition 2.1, applied to the function tuy^x, to the equation (2.7), and to the interval [0,tj] proves 
that the initial data (py^x at time tj satisfies |i'/?j,.A|| < -fMi^e). The length tj+i — tj of the interval, allowing 
the fixed point theorem to work, depends only of the bound of this initial value, which is independent of 
j. Therefore t = tj+i — tj may be chosen independent of j. Thus, we proved the global existence of ipA of 
class satisfying (2.1), (2.2) and (1.10). Then we solve the integral equations satisfied by the higher order 
derivatives, including the derivatives with respect to y also. For each order of derivation, we have to find a 
fixed point for an integral operator, and the length of the intervals, in which this operator may be contractive, 
depends only on the bounds of the first order derivatives, already obtained globally. Thus, we prove the 
global existence of the higher order derivatives, and that they are globally bounded in (IR*')^ x [0, T] for 
each T > 0. This provides i/'a verifying the properties stated in proposition 2.2. □ 

Then the function Ua defined in (1.9), with this function ipA, is the integral kernel of the operator 
g-t^A Excepted for the first order derivatives, the bounds given by the previous proof are not uniform with 
respect to the set A. The next step will be the proof of such uniform bounds for the second order derivatives. 
For that, we have to choose a norm N2 on the second differential of any function / on (IR^)^. We set, for 
£e]0,l[: 



(2.8) N2{cff{x),e) 



sup 
AeA 



£|a-m| 

^leA 



(with the euclidian norm on TR^.) We denote by || || the L°° norm. The norm N2, and the norms of 
(2.10), appear in Sjostrand [23] in the definition of 0- standard functions with exponential weight. The norm 
\\N2{i'A{-,y,t)\\ is well defined for each A, y and t, by Proposition 2.2. The norm ||Af2((i^^,£)|| is bounded, 
independently of A, by the constant M2{s) of (1.7). 
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Proposition 2.3. If ht < Tq = \\N2{(fVA{.),e)\\-'^^'^, we have, for all y e (W)^, with the notation (1.7), 
(2.9) \\N2{(fM-y,t),^)\\ < 2t\\N2{d^VA{.),e)\\ = 2tM2{e). 



Proof. For each A G A, for each X in K^, for each sequence (y^)^gA of vectors in MF, and for each 
y e (RP)^, the function 

satisfies the equation La{t'^<f) = t^F — h'^t'^G, where La is defined in (2.3) with, here, ax = h'^Vx^'^A and: 
^_ (X.V^J(y^.V^jyA ^ < V^^(X.V^jV;A(a:,y,t) , V^, (y^.V^JV.A(x, 7/, t) > 

We have, by the definition (2.8) of the norm N2: 

\F{x)\ < N2{(fVA{x),e) \X\ suplF^I, \G{x)\ < N2{dlMx,y,t),ef\X\ sup\Y^\. 

/iGA (ueA 

Therefore, by the maximum principle, (Proposition 2.1), apphed to the function u = t^ip, and to the operator 
La, with to = 0, we have: 

||iV(-,-,*)ll < 1^1 sup|yj f \s^\\N2{d^VA{.),e)\\+hH^N2{dlM-,y,s),e)f \ ds. 
fieA Jo 

In other words, taking the sup on all vectors X and sequences Y^, and on all points x and y, 

t^N2{dlM;y,t),e)\\ < f \s^\\N2{d^VA{.),e)\\+es^\\N2{dlM;y,s),e)f] ds. 

Jo L J 

Then Proposition 2.3 follows easily, by a kind of quadratic Gronwall lemma. 

End of the proof of theorem 1.1. Now, we need a norm Nm for the higher order differential d"^ f{x) of a 
function on {W)^. We set: 



(2.10) 



A^m(rf"/(ar),£) 



sup 

(Ai,...,A„_i)eA" 



E 

AiGA 



|V.,,...V.,^_,V.,/(a;)| 



In [23], a family of functions, depending on A, is called a 0— standard function with exponential weight 
if N„i{d"^ f (x) , e) is bounded, with bounds independent of A. The definition of [23] is more complicated, 
since P norms are used, not only £^ and £°° norms like here. Again, WNj^id^ipAin nt)jS)\\ is well defined 
by Proposition 2.2, and ||7Vm(c?"'VA, is bounded, independently of A, if the hypothesis (iJ^) is satisfied. 
Now, we can prove, by an induction on m > 2, that, if (H^) is satisfied, we have 



\Nm{d"'M;;t),e)\\<tKm{e) if ht<To, 



where Km{s) is independent of A. For each sequence (A^^^ A*^™ of points in A, for each vectors Xj 
(1 < j < m) and (/z € A) in IR^, we shall estimate the function t"^(fi, where 



tJ.eA 



(Xi.v^,j...(x^_i.v,,^_j(y^.v^jV>A 

£.diam({Ai ,...,Am-i)A*}) 
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By differentiating (2.1), wc sco that this his function satisfies an equation of the type La{t™ip) = t"^F where 
La is defined in (2.3) with = h'^Vxf^i'A, and F satisfies 



\F{x,y,t)\< [sup|y^| 



Nm{d"'VAix),e) + ... 



... + (7ft2^iVfe(d^(VA(a;,2/, t),s)) Nm+2-kd: 



m+2-k 



{ipK{x,y,t),e)) 



k=2 



We can apply the maximum principle (Proposition 2.1) to the operator La as before. Taking the sup over 
all the sequences of vectors Xj and Y^, using the hypothesis {H^) for Va, the induction hypothesis (P^-i) 
for the terms with 2 < k < m, and Proposition 2.3 for A; = 2 or fc = m, we obtain, if ht <Tq: 

II A^™(ci'"^A (.,.,*),£) II < {t + hH^)K^{e)+ACth^M2{e) f NUd'^M; ■,s),e)ds. 

Jo 

Then property {Pm) follows by the usual Gronwall's lemma, (without more conditions on h and t). 

Then, all derivatives with respect to x only are bounded as claimed. Since e~*^'^ is self-adjoint, we 
have also bounds for the derivatives with respect to y only. For the mixed derivatives, we need a new 
induction. For example, to estimate the matrix '^x^'^v^'^pA, we see that, for X and Y in IR^', the function 
if =< X.Vxx X ^■'^y^ > ''pA{x,y,t) satisfied La{t(f) = F, where La is defined in (2.3) and 

F =< X.TJx^ >< y.Vx^ > Va - /i^ X] {^^^ < > • '^^^ < ^■^='>' > V'a) 

i^eA 

We use the estimations, already proven, of the derivatives with respect to x only, we apply Proposition 2.1, 
and we apply again the usual Gronwall Lemma. The new induction follows the same ideas, and leads to the 
proof of Theorem 1.1. 

3. Decomposition of a function on the lattice. 

In this section, we shall define a decomposition of any function / on (IR^')^ (where L = TL'^) as a sum 
of functions Tq/ associated to the boxes of L. We shall give two variants of this algorithm: the first one is 
simpler and works only for the restriction of our integral kernel to the diagonal, and the second one is useful 
for stronger estimates (for example, for trace norms). In the next section, we shall apply this decomposition 
to the function Va of Theorem 1.1, and prove estimates for the terms of the decomposition. 

We shall associate, to each function / and to each box Q, a function Tqf. If Q is a box in L = Z*^, 
we denote by Int(Q) the set of non empty boxes Q' {Q' C Q) which are either Q itself, or obtained by 

removing in Q some faces. We denote by m,{Q, Q') the number of faces of Q which are removed in Q' 
(0 < m(Q, Q') < 2d). If Q is any set of L = Z'^, we define a map ttq : (MF)^ (H^)^ by: 



(3.1) (^Qa=)A = |o" ![ 

Then, we define the function TqJ by: 
(3.2) 



{TQf){x)= (-ir('^''^'^[/(^Q'a=)-/(o) 

Q'elnt(Q) 

Obviously, Tgf is supported in Q. If / has a finite support, let A be a box containing the support of /. 
Then we have: 



(3.3) 



f{x)-f{0)=J2iTQf){x), 

QCA 
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where the sum is taken over all the non empty boxes Q contained in A. including the points. This equality 
follows from the definition of Tqf and from the following remark, for each box P contained in A: 



^ (_1)™(Q.-P) = I 

OCA ^ 



QCA 
Pelnt(Q) 



1 if P = A 
if P 



In order to estimate Tg/, we shall use, rather than the derivatives of /, some operators of translation, 
with the following notations. For each u e (IR'')^, we set: 

(3.4) {Suf){x) = f{x + u)- fix) u{u) = {\&'ZL\ «A 7^ 0}. 

For each box Q, of the form Q = H^^il'^i' ^j]' with aj < bj, we denote the different "faces" of Q by: 
Bi'\Q) = {X&Q, Xk = ak}, Bf(Q) = {AeQ, = 6^} 



For each k < d such that ak < bk, we can write Q = [ak, bk] x Q, where Q is a box in 21'^ ^. For each box 
P e IntQ, let us set: 

P± = [ak, bk] X P, P+ =]ak, bk] x P, P_ = [ak, bk[xP, Pq =]ak, bk[xP. 

With these notations, we can write: 

Pelnt(Q) 

We can write this equality, using the previous operators 5„. If we set: up = —■Kg(k)^g^TTp_^x and vp = 
—TTgiky^Q-^TTpj.x, we Can write: 

(3.5) f{T^P±x) - finp^x) - f{-Kp_x) + f{-KPaX) = {SupSypf){-Kp^x) 

It follows that 

IITq/II < 4^* sup \\SuSM- 

<t(,.)C-b!^'°'(Q) 
<t(^)C-b5_'='(Q) 

We have similar estimates for the derivatives VxTq/, if A is neither in B^\Q), nor in B^^\q). If a is, for 
example, in B^\Q), we can use, instead of (3.5): 



/(tTp^x) - f{-Kp^x) - f{np_x) + f{np„x) = {Supf){TTp_^x) - {Supf){TTPj^x), 

Vx,Tq/||<4'^ sup \\SuS7,J\\. 



and we get, if A is not in B^\Q): 



If ak = bk, we cannot apply that, but we can write, in all the cases: 

||V.,TQ/||<4iV.,/||. 

It is possible to define similar projections by replacing in (3.2) ttq by other projections. The heat kernel 
and our function -0a are defined in {W)^ x {W)^, but we shall only use translations by vectors in the 
diagonal. Therefore, we shall replace ttq by the following projector: 
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(We could make another choice, preserving self-adjointness). For each function f{x,y) on (IR^)^ x (MP)^, 
we define TqJ as before, with a small change: 

(3.7) {TQf){x,y)= J2 {--^r^'^''^'^[mQ'{^,y))-f{0,y-x) 

Q'elnt(Q) 

Then the operators 5„ are replaced by the following one: 

(3.8) {Suf){x,y)=f{x + u,y + u)-f{x,y) V(a;,y) e (IR^)^ x (IR^)^ 
We verify easily the properties listed for later use in the next proposition. 

Proposition 3.1. With the previous notations, for each function f in C°°((IR^)^ x (M^')^), we have 

i) Tqf depends only on the variables x\ and y\ such that X G Q, and on the variables x\ — y\ such that 
X ^ Q. If f is supported in a finite box A, we have: 

(3.9) fix, y) - /(O, y-x)=Y, {TQf){x, y) 

QCA 

a) If f depends in a smooth way on a parameter 6, we have Tq(^) = 
Hi) If X^^\ ... A^"*^ ^5 a finite sequence of points in K, we have: 

(3.10) ||V;,(x)...V;,(„,Tq/|| < 4^||V;,(X)...V,W/||. 

iv) If moreover, none of the points X^^^ is in the face B^\Q), we have 

(3.11) ||V;,a)...V;,wTQ/|| <4'^ sup ||V;,a)...V^(™,5„/|l. 

<7(«)csi'='(Q) 

v) If ak bk, and if the points X^^^ are neither in b'^\q), nor in B^^\q) we have 

(3.12) ||V;,(i)...VamTq/|| <4'^ sup ||Va(i)...V;,m5„5„/||. 

a(.,)C-B^'°' (Q) 



4. Proof of Theorem 1.2, excepted (1.15). 

The functions Tqi/ja are defined by (3.7), and the properties 1 and 2 of Theorem 1.2 follow from 
Proposition 3.1. It remains to prove the bounds. Wc shall modify the norm Nm{d™ f (x) , e) of section 2, and 
now, it will depend also on one subset E of IS'', or sometimes on two subsets E and F. We set, for each Ei, 
. . . , Em which are either subsets of Z"^, or points of Z**, 

(4.1) D{Ei,...,Em)^ sup dist(£;,,£fc). 

j,k<m 

If / is a C°° function on (K^)^ x (H^)^, we set, for each m > 2, for each point {x,y), for each e in ]0, 1[, 
and for each subsets E and F of 71'^ : 

(4.2) NUd-fix,y),e,E,F)= sup E ^"" 'T^:'^^ ■ 
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If m = 1, there is no sup in (4.2), and the sum is taken on all A e A. We set also, if m > 1: 



(4.3) N^{d f{x,y),e,E,F)= sup ,z,(Aa),...,A(>>»),i?,F) " 

When no set E or F appear, the first norm is the same as in section 2 if m > 2. For m = 1, the sup in 
section 2 (without sets E and F) is rcpaccd by a sum here (when there is at least one set). The second norm 
will be used in section 6. We still denote by || || the L°° norm. With these notations, the estimation 
(1.14) of Theorem 1.2 will follow from the next Lemma. 

Lemma 4.1. // {Hg) is satisfied (0 < e < 1), for each integer m> 1, there exists Km{e) > such that, for 
each finite box A of TL"^ , for each vectors u and v in (IR*")^, the functions S„ Va (md SuSytpA defined like in 
(3.8), (with the function V'a of Theorem 1.1), satisfy, if ht < Tq, (defined in (1.7) and (1-8)): 

(4.4) ||7V„(rf'"(5„VA)(.,.,i),e,<T(«))|| < tK^{e)\a{u)\, 

(4.5) ||iV„(d™(5„S,VA)(.,.,t),£,<7(«),c7(t;))|| <tJr„(e)|a(«)||a(^;)|, 
where the support a{u) is defined in (3.4). If o-{u) r\a{v) = 0, we can write also: 

(4.6) \SuSMx,y,t)\ < tKo{e)e^'''^-^^^'^^-^^\<j{u)Mv)\. 



Since one argument of the proof will be used again twice in section 6, we state it as a Lemma. 

Lemma 4.2. We consider a real valued function A{x,y,t), C°° on (IR^)^ x (H^)^ x [0, oo[. We assume 
that there is e m ]0, 1[ such that, for each m> 1, we can write, for some constant > 0; 

(4.7) \\Nm{d"'A{.,t),e)\\<tKm, 

where Nm is the norm of section 2. We denote La is the differential operator of (2.3), with ax = h^S/x^^- 
We consider also a smooth, real valued function ip{x,y,t), such that (p{y,x,t) = ip{x,y,t) and tp{x,y,0) = 0. 
We assume that there are two subsets E and F of TL'^ such that, for each m>l. 



(4.8) \\Nm{d"'{La^){.,.,t),e,E,F)\\ < Km. 
Then, if ht is bounded, we can write, with another K^, for each m> 1: 

(4.9) \\Nm{d"'ip{.,.,t),e,E,F)\\ <tKr^. 

We have the same result with only one set E. We have also the same result if we replace, for all m, the 
norm Nm by the norm N}h°\ both in the hypothesis (4.8) and in the conclusion (4-9). 

The proof is exactly like in section 2, but simpler since we have no more quadratic Gronwall Lemma, 
but the usual one. (In section 2, we had ^ = and f was a derivative of A. We had to prove, in the same 
time, bounds for A and for ip, but now the bounds for A are already available.) 

Proof of Lemma 4-1- Since i/^a satisfies (2.1), if we apply to it the operator S'^^ ( m in (IRP)^) defined in (3.8), 
the function / = SuipK satisfies, as a function of x and t, while y and u are fixed, an equation of the form 
La{f) = F, where La is the differential operator defined in (2.3), with: 

(4.10) ax{x,y,t) = —Vx^[i}A.{x + u,y + u,t) + i}t^{x,y,t)] F{x) = SuVk{x). 
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By the hypothesis {Hg), we can write, for each m > 1, with some constant Km{s) independent of u and A: 

\\Nm{d"'{SM{;;t),e,a{u))\\ < Km{s)\a{u)\. 

Then, (4.4) foUows from Lemma 4.2. For the proof of (4.5), we remark that, if / = Su'ipA satisfies Laf = F, 
where a and F are defined in (4.10), the new function g = SuSyipA = S^f satisfies L^g = G, with: 

bx{x, y, t) = ax{x + v,y + v,t) G = SuSvVk - {Syax) . (V^;, SuiI^k)- 

By the hypothesis (-ffe), and by (4.4), for each m > 1, we can write, ifht < Tq: 

\\Nrr,{d^{G){.,.,t),e,a{u),a{v))\\<Kra{e) \a{u)\ \a{v)\. 

Then (4.5) follows from Lemma 4.2. If m = 0, wc remark that, if cr{u) n (j{v) = 0, the unbounded self- 
interaction term disappear in SuSvi^A, and therefore ||S'„5'^ Va.|| < J(:(£)ediBt(^(u),<T(«)) inf(|cr(w)|, |c7(^;)|). Then 
(4.6) follows from Proposition 2.1. 

Proof of the estimations of Theorem 1.2. If m = and diam((5) ^ 0, the bound (1.) follows from the point 

v) of Proposition 3.1 and (4.6), remarking that \B^{Q)\ < (1 + diam((3))'^^^. If m > 1, according to the 
geometric situation of the points A^^' and the box Q, we apply either the point v) of Proposition 3.1 and 
(4.5), or the point iv) and (4.4), or the point iii) and Theorem 1.1. 

When Q is reduced to a single point A, TgipA is not bounded, and we got bounds only for its derivatives. 
Some information on T^x^i^A itself will be given in the next section. 

5. Splitting the set A: case of a small subset. 

In applications to the decay of correlations, (section 8), the set A will be a large box, containing a 
smaller set E, (the union of the two supports of the observables) , and we have to dissociate the two sets E 
and A \ E. If ZA{t) is the partition function of (1.2), the next proposition will be useful, for example, to 
compare ZA{t) and Z\\E{t), and to estimate the trace norm of the partial trace (with respect to E), of some 
operators. 

For each operator K with an integral kernel K{x,y) in the Schwartz space «S((IR^^)'^ x (IR^^)^), for 
each subset E C A, for each m, m' and /z, we set: 

(5.1) ||-f^||m,m',,i = sup Im'A'Vx(i)--'^\(.'')K), 

;\(i),...,A('=)eE'= 



where 



Im'A^) = J (1 + kisll + \yE\ir' e'^l^^-^^li \K{xE,XA\E,yE,XA\E)\dxEdyEdx^\E- 



Proposition 5.1. With these notations, we can write, for each m, m' and /U, for some constant 
M{\E\,t,h,s), 

\\UAmm,m',i. < M{\E\,t,h,s) ZA{t). 



The proof relies on the next Proposition, also used for the point (1.15) of Theorem 1.2. If c A c K**, 

we denote by ipA\E the function defined by Theorem 1.1, for the set A \ E. It can be seen also as a function 
on (IR^')^ X (IRP)^ X IR+, depending only on xj^\Ey yA\E^ and t. For each point A G -E, we set Ax{x) = A{xx), 
where A is the self-interaction term in the definition (1.4), and we denote by Ax{x, y) the mean value of Ax 
in the segment between x and y, as in (1.16). 
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Proposition 5.2. With these notations, there exists K{e) > 0, independent of the two sets E and A 
(E (ZKc TL'^), such that: 



(5.2) 



M;;t)- [tJ2^^+ME{;-,t)]\\ < \E\K{e){t + hH''). 



Proof. First step. Let us denote by Vdisc the potential defined as if all the points of E had no interaction 
with the others points in A, and no interactions between themselves: 

AgA A,mGA\-E 

For each 9 G [0, 1], let us set Va,e,0 = Vdisc + 0{Va — Vdisc)- Let us denote by ipA,E,0 the solution of the 
Cauchy problem (2.1), (2.2), where Va is replaced by Va,e,0- We see easily that: 

(5.3) V'A,B,0 = ^ '^{X}ixx,yx,t) + 1pA\E{XA\E,yA\E,t) V'A.B.l = tpA, 

XeE 

where 'ip{x} is the function defined by Theorem 1.1 for the set reduced to the point {A}, and to the potential 
V^xy = A\ reduced to the self-interaction term, according to (1.4). If we differentiate with respect to 6 the 
non linear equation like (2.1), satisfied by ipA.E.e (with Va,e,9 in the RHS) , we see that La ^^gg^' 
where La is the differential operator of (2.3), with = K^V x^'4}K,E,e and with F = Vdisc — Va. By the 
hypothesis {Hg), we can write : \\Va — Vdisdl < ^(s)!^!- Therefore, by Proposition 2.1, we can write 
||^%^(., .,i)|| < tK{e)\E\. Therefore we have, with another K{e), 

(5.4) \\^A-^A,E,o\\<t\E\ K{e). 



Second step. Now, we shall compare ip{x}, associated by Theorem 1.1 to the single set {A}, and its semi- 
classical approximation i/)j°^^(a;, y, t) = tA{xx, yx)- By a direct computation, we see that 



^ + ^ • V.^fA = Ax 



dt ^ t "^"^w 

and therefore that the function ip — ip{x} — V^j"} satisfies the equation Lo{(p) = F where Lq is the operator 
defined in (2.3, with = and F = ^{A^tp^^^y — l^xil^ixyl"^)- By Theorem 1.1, we can write, if ht < Tq, 
\\F{., .,t)\\ < K{e)h'^{t + i^). By Proposition 2.1, it follows that: 



(5.5) U{x}-i'f^}i;;t)\\<K{e)h'{t'+t') 



if ht < Tt 







where To is the constant of (1.8) and (1.7). Proposition 5.2 follows from (5.3), (5.4) and (5.5). 

Proof of the point (1-15) of Theorem 1.2. We apply Proposition 5.2 with E reduced to a single point A. 
Then, we apply (3.10) with m = 0, Q = {A}, and / being the function in the LHS of (5.2). Thus we obtain: 

\\T{x}i}A{;.,t)-tT{x}Ax-T{x}i^A\{x}{;-M < K{e){t + hH^). 
Using the definition (3.7) of Ts^x}^ we see that 

T{x}^A\{X} = T^xyAx{x, y) = A{xx, yx) - A(0, yx - xx), 
and the bound (1.15) of Theorem 1.2 follows. 
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Wc may also apply Proposition 5.2 to i? = A, and wc obtain that, if ht < To, the integral kernel 
UA{x,y,t) is in iS((]R^)^ x (IR^)^), but of course, in this way, all the bounds will depend on A. 

6. Splitting the box A by cin hyperpleine. 

This section will be used in the proof of Theorems 1.4 and 1.5. Let A c TL'^ be the union of two disjoints 
subsets Ai and A2 , which arc separated by an hyperplane S, orthogonal to one of the vectors of the canonical 
basis. We may assume that, for some j < d and a £ 7L: 

(6.1) S = {A e TL'^, Xj = a}, Ai c {A e TL"^, Xj < a}, A2 C {A e TL'^, Xj > a}. 

We have again, like in Section 5, to dissociate the two subsets, but now, we need, in the situation (6.1), 

estimations which are uniform with respect to both of them. Wc denote by Mnter the sum of the interactions 
between a point of Ai and a point of A2 in the definition (1.4) of Va: 

(6.2) Vinter(a;) = ^ Bx,i^{xx,Xij,). 

AeAi,/ieA2 

For each 6 E [0, 1], wc set Va.o = V\ — ^VJntcr, and wc denote by Ha q the Hamiltonian defined as in (1.1), 
with Va replaced by Va,0, and by ipA^g the function associated to this Hamiltonian by Theorem 1.1. We are 
now interested to the derivative of this function with respect to 6, and to the decomposition Tq g^'" defined 
in section 3. For each box Q of S*^, let 'itj:{Q) be the orthogonal projection of Q on S. 

Proposition 6.1. With the previous notations, we can write, for some constant Cm{s) independent of A, 
Ai and A2, for each points X^^\ ... A^™^ in A, for each box Q C A, if ht < Tq and 6 G [0, 1]; 

(6.3) \lV^,,,...V,,^,(TQ^{.,.,t))\\<tCUe)s''---^Q^^^^ (l + diam(g))'' 



Since Va,^ is of the same type that Va, and satisfies the same hypotheses, with bounds independent 

of 6, (excepted the hypothesis (1.6), which is not needed for theorems 1.1 and 1.2), the boimds given by 
Theorem 1.1, 1.2, and Lemma 4.1 for the function V'A.e Sixe also uniform in 6. With this remark, the proof 
of Proposition 6.1 relies on the following Lemma. 

Lemma 6.2. For each integer m > 1, there exists K^is) > such that, if ht < Tq, we have, for each points 
A(i), ... A^™) m A; 



(6.4) l|V,a, ... V,<.,^|| < K^is) t ,-(a<^....a<"",i:). 

Moreover, for each u in (W)^ such that the support a{u) is contained, either in Ai, or in A2, we have the 
following bound, valid also for m = : 

(6.5) ||v,(„ ...V,(.,5„^|| < K^s) t 
where £>(A(i\ A(™\ E) is defined in (11). 

Proof. Since ^a,6» satisfies (2.1), with Va replaced by Va,6», it follows that / = ^gg'" satisfies Laf = — Vinter, 
where La is the operator of (2.3), and ax = h'^Vxx'4'A.,e- We can write, for each m > 1: 

||Ar~(d™yinter,£,S)|| <jr„(e). 
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Then (6.4) follows from Lemma 4.2. with the norm. Now, we apply the operator Su defined in (3.8) 
to / = dgipA^g. Since Laf = —Winter, it follows that the function g = Suf satisfies Lag = G, where still 
ax = h'^Vxxi^hfi and: 

G{x,y,t) = -SuVintevix) ~ (VxxSutpA,ej ■ (v^^^SeV'A.eCa; + w,y + u,i))- 

In order to estimate this function, we use the form (6.2) of Tenter, the hypothesis {H^), the bound (6.4), and 
Lemma 4 (bound (4.4)), applied to VA.e instead of tpA- We obtain, if ht < Tq: 

||G(.,.,f)|| <ifo(£)£'*'^*('^("^'^V(«)l- 

By the same arguments, we can write, for each m > 1, 

||iV-(d™G(.,.,i),e,c7(w),E)|| < Km{e)\a{u)\. 

Then, for m = 0, the estimation (6.5) follows from Proposition 2.1 and, for m > 1, it follows from Lemma 
4.2 (with the norm). 

End of the proof of Proposition 6.1. We may assume that Ai, A2 and S satisfy (6.1), with j = 1. If 
the box Q C Ai U A2 is not disjoint from S, (6.3) follows from Theorem 1.2. Now, we may assume that 
Q = rife=i['''fe! ^fe]i with (7 < ai < 61 and < for k > 2. Let k < d such that the diameter of the set 
Q U 7ri;(Q) U {X^^\ A^™^} is the length of its k—th projection. If 7^ 1, the estimation (6.3) follows from 
Theorem 1.2 (with the potential Tenter)- If A; = 1, and A^*^^ 7^ 61 for all k, it follows from (6.5) and the point 
iv of Proposition 3.1, applied with the set B^{Q). In the other case, it follows from (6.4) and point iii) of 
Proposition 3.1. 

7. Representation of the quantum correlations. 

In this section, we shall give an expression of the correlation CovA,t(^, -B), (see (7.4)- (7.5)). Then, we 
shall prove Theorem 1.3, point b, i.e. when the local observables A and B are multiplications. In section 8, 
we shall prove Theorem 1.3 in the general case. For the expression of the correlation, we shall use the tensor 
product of the heat kernel by itself (doubling of variables), and the action, on this kernel, of a finite group 

of symmetries. 

1. Doubling of variables. We shall denote by {x',x") the variable of (IR'')^ x (IR^)'^. For each operator 
A ill L^{{W)^), we denote by A' (resp. A" ) the operator A, seen as an operator in L^((IEl*')'^ x (IR*')'^), 
acting only on the variable x' (resp. on x" ). We denote by Ha the operator in (M^)^ x {MF)^ defined by 
HA = H'jy + HI. We denote by TrA (A) the trace of an operator A e CCHa), where Ha = ^^((11^)'^ x (IRp)'^. 
Then, an easy computation shows that, if A G £{Hei) and B e CiTLE^)^ where Ex and E2 are disjoint 
subsets, contained in a same box A, we have: 

(7.1) CovA,t(A B) = -J— TrA (e-*^-(^' - A"){B' - B")) ZA{t) = TrA (e"*^'^) . 

2,Za (t) 

2. Group j>f symmetries, andjiveraging. If tpA is the function, associated by Theorem 1.1, to the operator 
Ha, and V'a to the operator Ha, we have: 

(7.2) i,A{X, t) = M^', y', t) + Va(x", y", t) X = {x, y) = {x', x", y', y"). 

The function ^a is not changed when the variables {x' ,y') and {x" ,y") are permuted. It will be useful to 
make also the substitution of (a;^,y^) and (x",t/^') not everywhere, but only for A in a subset of A. We 
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denote by G\{Ei, E2) the set of maps a : \ ^ a\ oi K in the group of substitutions 6*2, which are constant 
on El and on £'2, where Ei and E^ are disjoint subsets of A. This group has a natural action X aX 
on (]R2p)Ajind on (]R4p)A_ jf x is like in (7.2), we may have iaX)x = Xx or {aX)x = {x'{,x'^,y';,y'^). If 
T is in C{TiA), with integral kernel ii", let us denote by T^'^^ the transformed operator, with integral kernel 
K'-''){X) = K{aX). For each set F c A, we define an element tf of Ga(Fi, F2) by: 

r7 3) (t,.(x' x" v' v")] -/(^v2;'A,yA-?A) if ^eF 

^^■^^ V^^'^''^ '^'^ ^A" 1(a;;,:r'.',?/;,?/'/) if A^F 



A \ix'x,x'i,y'x,y';) if A ^ F 

For each cr G Ga(Fi, F2), we denote by sgnj (o") the signature (in { — 1, 1}) of (t(A) when A is any point of Ej 
{j = 1,2), and we set sgn(a) = sgn2(cr)sgn2(cr). With these notations, we see, by easy computations, that: 

CovA,M,B) = -J— TrA (w{t){A' - A"){B' - B")) 
2ZA{t) ^ ' 



where 

ign(a) {f'--'] 

creG 



(7.4) W{t) = E sgii(^) (e"*""") G = Ga(Fi, F2) 



Here {A! — A"){B' — B") is an operator m CI(HeiuE2)^ and we omit the tensor product with the identity on 
A\(FiUF2). 

With the notations of B. Simon [22], if F C A C TL'^, we shall use the operator of partial trace Tr;^, 
from Ci{Ha) (the space of trace norm operators) to jCi{'He), such that, for each W £ £i{Ha), and for each 
operator T e £{He), we have: 

TTAiWT) =Tr e(t TV^(W^)). 

With these notations, we have: 

(7.5) CovaAAB) = -J— Tve^ueMa' - A"){B' - B")Tr^^^^^{W{t))) 

2^a(c) ^ ^ 

For each set E c TZ'^, let us denote by || ||^ the trace norm of an operator in He- Then Theorem 1.3 
will follow from the next proposition, (where we write only what is needed for the points a) and b)): 

Proposition 7.1. With the notations and hypotheses of Theorem 1.3, if ht < Tq, e < 5 < 1, and if t is 

smaller than some constant Ti{e,5) > 0, the operator W{t) defined in (7.4) and its integral kernel W{X,t) 
satisfy: 

(7.6) l|Tri,uB.W))ll?,us. < M{\EiUE2\,t,h,s,6) ZA{t) 5'''^'^^^'''^\ 

(7.7) / \W{x',x",x',x",t)\dx'dx" < t inf(|Fi|,|F2|) N{s,S) ZA{t) ^distCBi.B^), 



For the proof of this proposition, we shall use suitable decompositions of the heat kernel UA{x,y,t) of 
g-tJfA^ and, therefore, of the kernel W{x,y,t). Each time a function ip is written as a sum of terms ipQ 
associated, for example, to the boxes Q contained in a box A, the Mayer decomposition is a simple way to 
write the exponential e~'^ as a sum of terms associated to the set of boxes F c ■p(Box(A)). This technique 
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is often used for classical spin systems in a lattice (see B. Simon [22]). Let us describe this technique in our 
situation. 

3. Mayer decomposition. For each box Q, let Tq be the operator defined by (3.7) with IR^* replaced by 
M^P. We apply this operator to the function 'iljA{.,t) defined in (7.2). For each box Q C A which is not a 
single point, we set 

(7.8) MQ{t)= sup {TQirA){X,t) /Q(X,t) = e^«W-(^«^)(^'*) -1. 

jfe(]R*p)A 

For each box reduced to a single point A, we use another notation, and we set: 

(7.9) f{\}{X,t) = e-(^{^}^^)(^'*). 

We denote by uj^\x, t) the heat kernel for the free Laplacian in (IR^^')'^, and we set 

(7.10) ^o{X,t) = Uj^\x,t) e-*^'^(0'^'-^'*)e"^'3eBox(A) ^^W^ 

where Box(A) is the set of boxes in A, not reduced to single points. With these notations, by Theorem 1.2, 
the kernel of e~*^'^ can be written 

c/A(x,t)=$o(x,t) n/{A}(^.t) n (i+/q(^>*))- 

AeA QeBox(A) 

In order to develop the last product, we write, for each set of boxes F e ■p(Box(A)): 

(7.11) Kr{X,t) = $o(X,i) H f{x}{X,t) n fQ{X,t). 

AeA Qer 

If r is the empty set, the last product is 1, by convention. We have Kr > 0. We denote by Tr{t) the operator 
with integral kernel Kr{X,t). With these notations, we can write the heat kernel and our mean operator 
W{t) in the following form: 

(7.12) UA{X,t)= Yl Kr{X,t), e-'"-= ^ Tr{t) 

re-p(Box(A)) rcBox(A) 

(7.13) W{X,t) = -^ Yl (sgn(^T))4"^(X,t) G = Ga{EuE2). 

I I rCBox(A) 
o-SG 

Among the set of boxes appearing in the Mayer decomposition, some of them, called polymers, play an 
important role. 

4- Polymers, and sets C{Ei, E2) and J^C{Ei, E2). According to the terminology of B. Simon [22], we call 
polymer a finite sequence of boxes {Qi, ...,Qk), not reduced to single points, such that Qj n Qj+i ^ 
(1 < i < - 1)- We say that a set F G V(B{k)) is in CiE^.E^) if Ex and Ei are connected by F, i.e. if F 
contains a polymer, with its first box intersecting E\, and its last box intersecting E^. We say that F is in 
MC{Ex,Ei) in the opposite case. 

All these tools will be used together in Section 8 for the proof of Proposition 7.1, and therefore of 
Theorem 1.3. Since the case of two observables which are multiplications is much simpler, let us prove the 
point b) of Theorem 1.3 now. The next two lemmas will show the role of the sets C(i?i, E-i) andJ\fC{Ei,E2). 
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Lemma 7.2. a) There exists a function a{t,e) of the form a{t,e) = tK{e)e*^^^\ such that, for each polymer 
n = (Qi, . . . , Qk), we have: 

k 

(7.14) l[\fQ^{X,t)\<N{U,s,a{t,e)), 
where, for each T, we set: 

k 

(7.15) N{U, e,T) = ]J Te'^^^'^^'^i) < Qj >^<i <Q>=1 + diam(Q). 

b) For each disjoint finite sets Ex and E2, for each 5 such that < £ < ^ < 1, there exists Ti{e,5) and 
K{e,S) such that, ifT < T-i{e,5), 

(7.16) ^ N{n,e,T)<Tir^{\Ex\,\E2\)K{e,5)5'^'^^^'^'^^^\ 
nePoi(Ei,B2) 

where 'Po\{E\,E2) is the set of polymers connecting E\ and E2, (the first box intersecting Ei, and the last 
one E2J. 

Proof. By (7.8) and by the point 3 of Theorem 1.2, we can write, if ht < Tq, 

(7.17) < fQiX,t) < tXo(e)£^'"'"^'^Hdiam(Q))2'^e*-^<'(=), 

and (7.14) follows easily. Let us prove the last point, assuming that \Ei\ < \E2\. For each polymer 11 = 
{Qi, . . . ,Qp), let ^(n) be the sum of the diameters of the boxes Qj. We remark that the number of boxes 

with diameter R> 1 intersecting a given box of diameter i?o > is at most {Rq + 1)'^'^{R + 1)'^'^. If we take 
the sum of iV(n, e, T) for all polymers starting from Ei, with a given total length L, it follows that: 

nePol(Ei,S<*) Ri + ... + Rp = L 

Hn)=L p>i. Rj>i 

We remember that the number of ordered sequences {Ri, Rp) such that Ri + ... + Rp = L, and Rj > 1, 
is ClZ\, and we set $(t) = sup^>o(l + Rf^t^ for each t e]0, 1[ . If < £ < 7, it follows that: 



L-l 



(7.18) J2 ^(n,£,I^) <\Ei\T $(£/7) 7^ (l + T$(£/7)) 

We remark that, if 11 is a polymer connecting Ei and £^2, we have i^(n) > dist(£^i, £^2)- If £ < 5 < 1, we 
apply (7.18) with 7 = VIS. There exists Ti{e,6) such that, if T < Ti(e,5), we have 7(1 +T$(£/7)) < S. 
With this condition, we have: 

00 

^ 7V(n,£,T)<|ii;i|T$((£/(5)V2) J2 s^- 

nePoKBi.Ba) L=dist(Bi,E2) 

The Lemma is proved. 

Lemma 7.3. IfTeJ\fC{Ei,E2), if ht < To, we have 

^ (sgn(a)) K^^'^ {X, t) = VX = (x', x", x', x") G Diag(A) 
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where Diag(A) is the diagonal of (MP)^ x {JRp)^. 



Proof. Let T e J^C{Ei, £2). For A: = 1,2, let us denote by Ek the set of points A G A which are, either in 
Ek, or connected to Ek by a polymer in F. By Theorem 1.2, the function /g, when it is restricted to the 
diagonal, depends only on the variables xq. By (7.2) and (7.9), it is also invariant when all the variables 
{x',y') and {x",y") are permuted. By a combination of these remarks, for each Q € F, /q, restricted to the 
diagonal, is invariant by the map cti = rg defined in (7.3), and therefore Kj^^\x,t) = Kr{X,t) if X is in 
the diagonal, and the lemma follows easily. 

Proof of the point b) of Theorem 1.3. We can use the sum (7.13) for W{X,t). When X is in the diagonal 

[x' = y' , x" = y"), the contribution of the terms F S AfC{Ei, E2) in this sum (7.13) vanishes by Lemma 
7.3. For each F in C{Ei,E2), we can choose a polymer Hp & Po\{Ei,E2) contained in F. Then, we have, by 
Lemma 7.2: 

(7.19) Yl \Kr{X,t)\< Yl N{n,s,a{t,e)) ^ \Kr'{X,t)\ 

reC(Ei,E2) nePoi(Bi,B2) r'e-p(Box(A)) 

where a{t,e) = tKo{e)e*^°^^\ Applying the positivity of Kr and (7.12), we obtain: 

/ \W{x',x",x',x",t)\dx'dx" < ZA{t) V N{Il,e,a{t,e)). 

J(mp)Ax(iRp)A nePoi(Bi,B2) 

By the last point of Lemma 7.2, the estimation (7.7), and the point b) of Theorem 1.3 follow. 

8. Estimation of the quantum correlations in the general case. 

Now, we shall prove (7.6), and therefore Theorem 1.3 in the general case. If the integral kernel of W{t), 
(defined in (7.4)), is denoted by W{x, y, t), the integral kernel of the partial trace Tr^lF(i) {E = EiU E2) is 

(8.1) K{xe, yE, t) = W{XE,XA.\E,yE, Xa\E, t)dxA\E E = EiYJ E2. 

We shall estimate the trace norm of this partial trace, using the norm || ll^.m'./n defined in (5.1). 

Proposition 8.1. (Main estimate). With the notations and hypotheses of Proposition 7.1, if < e < 
5 < 1, if ht < To, and if t is smaller than some constant Ti{e,S), we have, for some constants m, m' and 
for some function ^{t): 

(8.2) ||TVi^uB.W))ll?,ui=;. < M(|i;iU£2|,t,/i,£,-5) .J'^'^*^^^'^^) ^ ||^l'r(t)|U,™',^W. 

rCBox(A) 



Classically, there exist C > 0, to > and to' > 0, depending on \E\, such that, for each operator K 
with integral kernel in the Schwartz space, we have, using the norm ||||m,Tn',/i defined in (5.1): 

(8.3) P^%{K)\\^ < C||K|U,„^o. 

For each F e J\fC{Ei,E2), let us denote by by Hr the subgroup of all a G Ga{Ei,E2) which are constant 
on each connected component of F. We define: 



B.4) ifAv^^)^ 1 ^ sgn(a)4-)(t). 



Hr\ 
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and we denote by Kp^{X,t) the integral kernel. By (7.13) and (8.3), we can write: 



(8.5) ||Tr^,uir.(^W)ll^.ui.. < C 



J2 \\Krmm,m',o+ ll^r"(i)IU,m',o 

reciEi,E2) reArc{Ei,E2) 



For the first sum, we need only a modification of the estimates (7.19) and (7.16), because we need also 
bounds for the derivatives of the functions. Without writing all the details, we obtain: 

(8.6) Yl \\Krmm,m',o<M{\EiUE2\,t,h,e,d)d'''^'^''^'^^^ ^ \\Krmm,m'Mty 

rGC(Ei,B2) rCBox(A) 

Now, we have to estimate \\K^''{t)\\m,m',o ^oi F e AfC{Ei,E2). Therefore, we need a study of K^''{X,t) 
only in the following set: 

(8.7) Bi&g{A,E,UE2) = {{x,y)G{JR.^P)^x{JR^P)^, xx=yx ^X^E^^E^}. 

Wc shall write / ^ g if ,f{X,t) = g{X,t) for aU X in Diag(A, i^i U £'2). Proposition 8.1 will follow from the 
above inequalities and from: 

Proposition 8.2. For each T and V such that T G J\fC{Ei,E2) and V C T, we shall find a function 
Br,r>{X,t) such that, if ht < Tq: 



(8.8) 



K^''iX,t) ~ Yl Br,T'{X,t)Kr>{X,t) 



r'cr 



For each V e jVC(£'i, £'2), the function Sp' defined by: 

(8.9) Sr'{X,t)^ Y Br,r'{X,t) 



rsJVfC(Ei,E2) 

r'cr 



satisfies, if < e < 5, ht < Tq, if t is smaller than some constant Ti{e, S), and if X G Diag(A, Ei U E2), 
(8.10) \Sr'{X,t)\ < K{t,h,e,5,\EiUE2\) e'^^*)!^^-^^!^ gdist{Er,E2) ^ 

where iJ,(t) and K are some function, independent of A containing Ei and E2, and depending on Ei and 
E2 by the number \Ei L)E2\. We have similar estimates for the derivatives of Br,r'{X,t) with respect to xe 
and ys- The constants in the inequalities depend on the order of derivation, but not the condition of validity 
t<Ti{e,6). 

The rest of this section will be devoted to the proof of this Proposition. Let us introduce some functions 
which are bounded like the LHS of (8.10). Then, we shall give an expression of Kp^{X,t) as a polynomial 
expression of such functions. 

For each F S AfC{Ei, E2), we denote by E^ {k = 1, 2), the set of points A G A wich are, either in E^, 
or connected to Ek by a polymer in F. The maps rc^ defined in (7.5) will be denoted by cTfe. By applying 
the operators ai and a2 to the functions fq of (7.8), or to the functions fx of (7.9), we define the following 
functions Uq, Vq, Wq, U\, V\ and W\, by: 



B.ll) 



UQ = f^Q'^-fQ, 



f(<yi) f f-l 
Jx - fx ■ 



(8.12) 



VQ = ft^-fQ 



Vx 



fx A fx ^■ 
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(8.13) Wq := /q - f^^^^ - f^^^^ + f^^^^^ Wx := [fx - /f^' - + /f^"^^] fx'- 

The definition of tliese functions depends on the set T since cti and (72 depend on it. For the estimations of 
these functions, we shall use the following ones, where X = {x,y) = {x' ,x" ,y' ,y"), Q is a box, and T > 0: 

(8.14) M(Q,X)=<Q>2^ < Q >= 1 + diani(Q) 

(8.15) N{Q, X,e,T) = TY, - 2/^1 k/3 - <Q>^''. 

Lemma 8.3. VFit/i t/iese notations, we can write, for each T G AfC{Ei, E2), for each boxes P and Q such 
that P is disjoint from Ei and Q is disjoint from E^, if X & Diag(A, Ei U E2), and ht < Tq: 

(8.16) \Up{X,t)\ < a{t,s)M{P,X,e) \VQ{X,t)\ < a{t,e)M{Q,X,e), 

where a{t,e) = tK{e)e*^^^\ (^{s:) being independent of A, Ei and E2). If Q is disjoint from Ei and E2, 
we have: 

(8.17) \WQ{X,t)\ < N{Q,X,e,a{t,s)) 

We have also similar estimations for points. If ^0 is defined in (7.10), there exists a function Aq such that: 

(8.18) ^''0'^ - $0 ~ $oAo \Ao{X, t)\ < tii'(£)£di«t(Bi,i52)gtK(e)|xE-yE|i 

There exists K{e) such that, for each T > Q, for each finite set A, 

(8.19) ^ ]J rM(A,X,e)+ ]J TM(Q,A:,e) < e^^('')l^«-«^'i. 

EcAXeE EcBox(A)QeE 

Proof. When it is restricted to Diag(A,iJi U E2), fp depends only on aj^i — Vei, xe^ — J/Ba, and xp. HP 
is disjoint from Ei, the map (Ti = has the same effect, on fp restricted to Diag(A,i?i U -E2), that the 
permutation te^. Then the estimation of Up follows from Theorem 1.2. For the functions associated to 
points, we need also the last statement of Theorem 1.2, which shows that the function T|;^}i/'a(-, i), up to 
an error 0{{t + h'^t^), is equal to a function which depends only on xx and yx, and is invariant by ai and 
0-2. By the form (7.10) of $0, by the form (7.2) of V'A, the equality in (8.18) will be satisfied if we choose 
Ao = - 1, with 

g{X, t) = \ [i,A{Q, y-x,t) + V^^"^^ (0, y-x,t)- y-x,t)- i,^^^ (0, y - x, t) 

The inequality of (8.18) follows from Theorem 1.1 if kt < Tq. The last inequality (8.19) is a consequence of 
the following: 

^M(A,X,£)+ M{Q,X,e)<K{e)\xE-yE\i. 

□ 

Among the functions defined in (8.11)-(8.13), only the functions N{Q,X,e,T) and its analogue for 
points have a good rate of decay, like in (8.10), when dist(£'i, £^2) is large. They are used to estimate the 
functions Wq and Wx- Beside these functions, we need also other functions, associated to polymers. If 
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n = {Qi,...,Qk) [k > 2) is a polymer, which docs not connect Ei and E2, wc have no information on 
the sum of the lengths of its boxes, and the product Jq^ . . . Jq^ has not necessarily the good rate of decay. 
However, we shall see that, if Uq and Vq are defined in (8.11) and (8.12), the functions Uq^Jq^ . . . fQ^_iVQ^ 
has a good rate of decay, like in (8.10), in terms of dist(£Ji, £^2)- In order to make this idea more precise, let 
us define the functions, used for the estimations. 

If n = {Qi, Qk) {k > 2) is a polymer, we set, for each points a G Ei and /3 e E2, and for each T > 0: 

fe-l k 

(8.20) 7Vc«,/3(n,e,T) = t'=£'''™Wi^^«»+'^'™W'='^^'^» ]J £diam((3,) -j-j- ^ Q, ^3d _ 

j=2 3=1 

Then we set: 

(8.21) N{U,X,s,T)= Yl {l + K-ya\) {l + \x0-yp\)N„A'n,s,T). 

aeEi,l3eE2 



Lemma 8.4. If 11= {Qi, Qk) is a polymer, all its boxes belonging to F e j\/'C(£'i, £'2), we can write, with 

some function a{t,e): 

a) IfU is starting from Ei (i.e. QiCi Ei ^ 0j, and if fi G Qk, 

(8.22) |/q.-/q._i^q. {X, t)\ + \fQ,...fQ,_jQ, {X, t)V^{X, t)\ < N{Il, X, e, a{t, e)). 

b) We have similar results ifU starts from E2. 

c) If all the boxes Qi,. ■ ■ ,Qk 0/ 11 are disjoint from Ei and E2, if X G Qi and 11 G Qk, we can write: 

(8.23) \Uq,...Vq, (X, t)\ + \UxfQ,...VQ, (X, t)\ < iV(n, X, e, ait, e)), 



(8.24) \UQ,...fQ,V^{X,t)\ + \UxfQ,...fQ,V^,{X,t)\ < N{Il,X,e,a{t,e)), 

The factors which are not written in these products are the fq^ In the points a), b) and c), we have similar 
estimations for the derivatives. 

d) We can write also, ifO<s<5< 1 and t < Ti(e, d): 

(8.25) ^iV(n,X,£,T) <K{T,s,5,\E\) (l + \xE-yE\iy 6"'^'^^^'^'^ 

n 

where the sum is taken on all the polymers in TL'^ , and N{Il,X,e,T) is defined in (8.21) if II has at least 
two boxes, and in (8.15) ifli is reduced to a single box Q. 

The points a), b) and c) follow from Lemma 8.2. With our hypotheses, if 11 is starting from Ei, all its 
boxes Q satisfy Q r\ E2 =0, and we can apply (8.16) for Vq^. For the last point, given two boxes Q and 
Q', we make first a summation on all polymers connecting Q and Q'. Then we make a sum over the boxes 
Q and Q'. For the first sum, we apply Lemma 7.2 with Ei and E2 replaced by Q and Q'. For the second 
summation, we use the following inequality, if < £ < (5 and Si = Vs6: 



(8 26) X/ ^ *5 >'^^< Q' >'^^ ^diam(QU{a})+diam(Q'U{/3})+dist(Q,Q') ^ §\a-i3\ 

Q,Q'eBox(K<i) 



□ 
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Proof of Proposition 8.2. Step 1. Generators of Hy . For each sot of boxes A, let us denote by A-pci the 
corresponding set of points. We shall denote ta and t\ instead of TAj,^t and r^^} the operators defined like 
in (7.3). Let Coinp(r) be the set of connected components ^ of F such that ^pct is disjoint from Ex U E2, 
and therefore from EiU £2- We set Ext(r) = A \ (Fpct U EiU E2). The group Hr is generated by the ta 
{A g Comp(r)), by the t^x} (A € Ext(r)), and by the elements ak = r-g^ {k = 1,2) already introduced. 
Therefore 

\Hr\ = 2lComp(r)l+|Ext(r)|+2 



The generators of the group Hr, listed above, have a different action on the factors of the product (7.11) 
defining Kp. Let us distinguish them. For each connected component A in Comp(r), let: 

FA=iifQ n 

QeA AeApct 

For the connected components containing a box intersecting Ei, or E2, we set: 



Mx,t)= n 



Qer 

QpctC-Bfc 



(1 < < 2). 



Then, using also the function $0 of (7.10), we can write: 

ifr=$o$i$2 n n z^- 

AeComp(r) AeExt(r) 

By theorem 1.2, for each box Q, the function fQ{-,t), restricted to Diag(A, i^i U E2), depends only on the 

variables xei — UEi, xe^ ~ J/-E2J xq and yq. The equality (7.2) shows that this function is invariant when 
all the variables {x',y') and {x",y") are permuted. From these two remarks, some properties follow for the 
functions defined above. We can write, if A and B are in Comp(F), A^ B, if X and ^ are in Ext(F), A ^ /x : 



B.27) 



Fa 



F 



irA) 



jn(<TlCr2) 



Fa 



At a) 



fx 



fx ^ ~ $fe (0<fc<2) 

Let us denote by the subgroup of Hr generated by the ta {A e Comp(F)) and tx (A e Ext(F)). By the 
above equalities and similar ones, we can write: 



(8.28) 



Av 



2K+ 



(<^l) 



K+{X,t) 



1 



\Hr 



r • 



We have also: 
(8.29) 



\Hr 



-$0*1^2 



n 



Fa + Fi^'"'^ 



AeComp(r) 



n 

AeExt(r) 



(8.30) 



n 

AeCoinp(r) 



F 



A 



A£Ext(r) 



Step 2. Polynomial expression of K^^ . Now, we shall write the difference between (8.29) and (8.30) as a 
polynomial expression of functions that are bounded like in (8.10). We remember that: 



=fQ + UQ, =fQ+VQ f^^^^^^ =fQ + UQ+VQ+WQ 
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According to the notations (8.11)-(8.18), we have fp' = /a(1 + Ux), etc... and ~ (1 + Ao)$o- Thus 
we can write 

K^^ ~ Gr $0 n 

AeA 

where Gr is a polynomial expression of the functions /g, Uq, Vq and Wq [Q E Box(A)), of the functions U\, 
V\ and W\ (AG A), and of the function Aq. Let us describe more carefully this polynomial. Let / be the set 
of partitions of T in four subsets J^, U, V, W. Let Ip be the set of triples {U^, V^, W^) such that UP, V, W 
are disjoint subsets of A. Let J = I x Ip x {0, 1}. Each element j G J will be written j = {J^j, Wj, ruj). 
Thus we can write: 

(8.31) Kf^^ - E^.-4^' = ^0 Ar U fQ U ^Q- 11 [ 11 h] 

jeJ QeJ^j QeUj agwJ aga 

where the coefficient Cj are constant, and uniformly bounded. Moreover, we have cj = unless one of the 
following three conditions (A), (B) or (C) is satisfied. 

(A) Wj 5^ or WJ ^ or mj = 1 



{B) (V,)pct n ^1 ^ or Vjn^i^0 or (ZY,)pct n ^2 ^ or ZYj n ^2 ^ 

(C) There exists a connected component A G Comp(r) such that, in one hand, AdUj ^ 0, or ^pct nZYj 7^ 0, 

and in the other hand, AnVj ^ 0, or Ap^ O Vj 7^ 0. 

Moreover, we have also cj = unless all the following condition are satisfied, and also the similar ones 
for the sets of points: 

(Zi,)pctn:El = (v,)pctn:^ = (w,)pct n (£l u :g2) = 0. 

Step 3. Construction of Bt^v- For each j € J such that Cj 7^ 0, we shall write the term Gp' in (8.31) in the 
form: 

(8.32) Gf = BjKr^ 

where Ktj is defined as in (7.11), with F replaced by some subset Tj. The function Bj will have the rate 
of decay of (8.10) when dist(£Ji, £^2) is large, because the product defining Bj will contain, either Aq, or 
a function W\, or a function, like those of Lemma 8.4, corresponding to a polymer 11^. In order to apply 
Lemma 8.4, we shall need sometimes one point Xj, or two. We shall denote by Xj the set of points needed 
for the application of Lemma 8.4: this set has 0, 1 or 2 points. Let us define Tj, Hj and Xj in all the cases 
A, B and C. 

If j satisfies (A), let Tj = Tj, and let Bj be defined by (8.32). In the first case of (A), the polymer Ilj 
is reduced to single box Q chosen in Wj, and Xj = 0. In the second case, 11^ = 0, and for Xj, we choose one 
point in Wj*. In the third case, Ilj = 0, and Xj = 0. 

If j satisfies the first condition of (B), let Q be a box in Vj such that Q (1 Ei ^ 0. There is a polymer 
Ilj in r, starting in Ei, the last box of which being Q. Let Tj = Tj \ T\j be the set of the boxes in Tj, 
excepted those we took from Tj to construct the polymer Ilj. Let Bj be defined by (8.32), and Xj = 0. If 
Vj r\Ei ^ 0, let iJ.j be a point in this set. There is a polymer 11^, starting from Ei, such that fij is in its last 
box. We define Tj and Bj as before, but Xj = {nj}. We proceed in the same way in the other cases of (B). 

Now, let j satisfying one of the conditions of (C), for example such that, for some connected component 
A G Comp(r), we have AnUj 7^ and Ap^ fl Vj 7^ 0. Let P is a box in the first set, and fij be a point in 
the second one. Since they are in the same connected component, there is a polymer 11^, whose first box is 
P, and such that ^j is in its last box. We define Tj and Bj as before, and Xj = {/Uj}. 
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Now for all j, we have defined Tj and Bj such that (8.32) is satisfied. If, for some j € J, we are in 
several cases, we make a choice. For each F' C F, we set 

(8.33) Br,r' = ^ cjBj 

and (8.8) is satisfied. 

Step 4- Estimation of Br^v ■ When a polymer Yij is used for the application of Lemma 8.4, with a set Xj C A 
with 0, 1 or 2 points, we can write, by Lemmas 8.3 and 8.4, : 

\Bj{X,t)\<N{nj,X,e,a{t,e)) J| a{t,e)M{Q,X,e) J| a{t,e)M{\,X,e) . 

Qe (w, u V, u ) \n, Ae (wju vjuwj )\x, 

In order to estimate -Br.r', following (8.33), we make first a summation on all the sets Xj corresponding to 
a same polymer 11^: this gives only a change in the power of < Q > in the definition of N{Jlj, ...). Then 
we sum on all the sets U^, Vj and WJ, applying the last point of Lemma 8.3. We obtain, proceeding in a 
similar way for the terms without polymer: 



iV(n,X,e,T) n TMQ{X,e) 



nePoiryr' L Qer\(r'un) 



T = a{t,s). 



Therefore, applying the last points of Lemmas 8.3 and 8.4, we see that the function Sr' defined in (8.9) 
satisfies (8.10). We shall not write the details for the derivatives of i?r,r'- 

End of the proof of Proposition 8.1. It remains to estimate the second sum in (8.5). By Proposition 8.2, 
with the similar estimates for derivatives, we can write, for some function iJLi{t): 

E \\K^''{t)\\rn,rn'fi<K{t,h,e,5,\E\)6'^''^''^^'=^^ ll^r(t)|U„™i,M,(t)- 
reA/'C(Bi,B2) reA/'C(Bi,£2) 

If we look at the derivatives of the functions Ky-{X, t) defined in (7.11), we can write: 

E ll^r(t)|U„™'„^,(t) <M(|£;|,i,/i,£) ll^r(t)||o,m^,^.(t) 

rCBox(A) rCBox(A) 

By the positivity of KT{X,t) and by the equality (7.12), we can write: 

E ll^r(i)ll < \\UAm 

0,m2,Ai2(f) 

rCBox(A) 

By Proposition 5.1, we can write, with some constant M{\E\,t, h, e), 

\\UAit)\\o,m',,Mt) < M{\E\,t,h,e) Z^it). 

The main estimate of Proposition 8.1, and therefore the estimation (7.6) of Proposition 7.1, and therefore 

the point a) of Theorem 1.1, are proven. The points b) and d) were proved in section 7, and the point c), 
(estimation of Kop,[c{Ei, E2, t, h)), is an intermediate between the two proofs: we need a partial trace Tr^^ 
instead of Tr^^y^^. Thus we obtain, in the estimation, a constant depending on \Ei\ instead of \Ei U i?2|- 
Theorem 1.3 is proved. 
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9. Proof of Theorems 1.4 and 1.5. 



For the proof of Theorem 1.4, we consider a box A in TL^^ which is the union of two disjoint boxes Ai 
and A2, separated by an hyperplane E, hke in (6.1). We consider a local observable A, supported in one of 
these sets, for example Ai. We shall estimate the difference between i?A.i(^), (the mean value of A, defined 
by (1.2), when A is seen as an operator in Wa), and i?Ai,t(^), (the analogue for Ai). Theorem 1.4 will be 
an easy consequence of the next Proposition, since t\.m+n is obtain from A„ (defined in (1.19)) by applying 
2d times this procedure of enlarging. 

Proposition 9.1. Wiih the above notations, if the interaction satisfies (H^), if s < 6 < 1, there exists 
Ti(e, 5) and a function K{t, h, e, 5, N) such that, if ht < Tq and t < Ti{e, 5): 



(9.1) \EA,M)-EA„t{A)\<K{t,h,s,6,\snMm 5dist(supp(A),E) 



ll^ll- 



Proof. First step. For each 9 G [0, 1], we shall use the potential Va,9 = Va — ^t^nter, (where VSnter is defined 
in (6.2)), the corresponding Hamiltonian Ha,0, the heat kernel U\^0, the function ■0A,e of Theorem 1.1. and 
the corresponding correlation CovA,t,e of two operators, and the mean value EA,t,e{A). We denote by ZA,0{t) 
the trace of the operator e~*^*'^. If A is supported in Ai, we have, with these notations: 

(9.2) EA,t,o{A) = EA,t{A) EA,t,i{A) = Ea„M) 
We set, for each 6 e [0, 1], 

(9.3) Rg{x,y,t) ^ dg1pA,e{x,y,t) - dg1pA,0{x,X,t), (p0{x,t) = ■ipA,0i.X,X,t), 

For a given K{x,y), in 5((]RP)^ x (H^*)"^), let Op{K) be the operator with integral kernel K{x,y). We 
denote by CovA,t,0iA, f ) the correlation between an operator A and the multiplication by a function /. We 
use the operators Tq of Section 3, with the first definition (3.2), applied to functions depending only on x. 
With all these notations, we have: 

(9.4) d0EA,t,0{A) = ZA,0{t)-^i:^{Op{UA,0{.,t)Re{.,t))oA^ + i ^ CovA,t,e(ATQae^e(.,i)). 

QCA 

Second step. Using (8.3), with the norm defined in (5.1), we can write, with E = supp(^): 

T,{Op{UA,0{.,t)R0)oA)\<K{\E\) \\A\\ ||OKC^A,e(., i)i?e)|U,m',o 

with m and m' depending on \E\. By the point (6.4) of Lemma 6.2, we can write, for each points \^^\ ... 
A(™) of E, for each (x, y) 

\SI^^.,...V,,,^,R0{x,y,t)\<tK{e) £dist(B,E)_ 

Therefore, 

\\Op{UAA-,t)R0)\\m,m'fi < tK{e) e^^'^'''^^\\UAA-Mm,m'+lfl- 

By Proposition 5.1, applied to the subset E, we can write: 

m,m' + l,0 

< K{t,h,e,\E\)ZAfi{t), 

Therefore: 

(9.5) \Tv{Op{UA,0{.,t)R0)oA)\ < K{t,h,e,\E\) \\A\\ ZaA^) e'^'^*^^'^) 
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Now, we shall estimate the second term in (9.4). By Proposition 6.1, we can write: 

(9.6) \\TQde^e{; t)\\ < tK{e) <Q>'^ ^di^MQ^^^(Q)) ^ 

where irY.{Q) is the orthogonal projection of Q on the hyperplane S, which separates Ai and A2. If £ < 5 < 1, 
we can apply Theorem 1.3, point c, for the correlation between an operator and a function, with 5 replaced 
by 5i = y/eS. Thus we can write: 

(9.7) \CoY A,tABQ,A)\ < K{t,h,e,S,\E\) \\A\\ WTgdeM-M ^f*^^''^^ 
With the same relations between e, 61 and 6, wo have: 

(•g ^ ^dist(B,Q)+diam(QU7r2(Q)) ^ ^■j^dist(B,S) 

By (9.5)-(9.8), Proposition 9.1 is proved, and Theorem 1.4 follows easily. 

□ 

Theorem 1.5, about the mean energy per site, will follow from the next Proposition. The mean energy 
XA{t) for the set A is defined in (1.22). 

Proposition 9.2. For each box A of TL'^, split into two boxes Ai and A2, separated by an hyperplane S as 
in (6.1 ), for each t> Q and h> such that ht < Tq and t is small enough, 

(9.9) \XA{t) -XAdt) -XA^t) \<K{t) \A^\. 
where A± = 7rE(A), and tte is the orthogonal projection on S. 

Proof. For each G [0, 1], let XA^eit) be the moan energy, for the set A, but with Va replaced by the potential 
Va,0 = Va- eiMntcr, where Vinier IS defined in (G.2). Thus, XA.oit) = ^aH) and XAsit) = XA^t) + XA,{t). 
If '4'A,0ix, y, t) is the function of Theorem 1.1, associated to the potential VA,e, we set (pe{x, t) = ipA,e{x, x, t). 
By computations, similar to those of Proposition 9.1, we find that 

(9.10) d,XA,e{t) = EA,,e (^^) + ^Cov^,,,(^, ^) = F,m+F,{e,t). 

where CovA,t,e{f,9) is the correlation of the multiplications Mf and Mg, defined as in (1.22) for the Hamil- 
tonian HA,e, and EA,t,e{f) is defined in the same way. 

Estimation of F\{6,t). Following (2.1), with Va replaced by Va,9, we have: 

^^^^ = ^{A^^l,A,0){x,x,t) - ^\{W^i^AAx,x,t)\' + VaA^)- 
By differentiating with respect to 6, we obtain 

AeA ' ■ AeA 

We remark that 



\dtde4'e{x,t)\ < y X! \\^=ox^o'^sj{x,x,t)\ + /i^ ^ \V xxdd'4^e{x,x,t)\ \V x^tl)e{x,x,t)\ + \deVA,e\- 



\deVAfi{x)\ = \Vinterix)\ <K ^ e'^"''! < K{e)\K^\. 

AGAi,;xGA2 

By Lemma 6.2 for m = 1 and to = 2, we can write, if ht < Tq, 



\V,,deMx,x,t)\ + \(^A,,^e^|Je){x,x,t)\ < tK {e)s'''''^^'^\ 
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and therefore, 

\dtdeMx,t)\ < K{e)h\t + t^) ^edist(A,s) < K{e)h\t + t^)\A^\. 

AeA 

and therefore \Fi{0,t)\ < K{e)h^{t + t'^)\A±\. 

Estimation of F2{9,t). Now, we use the decomposition of Theorem 1.2, (definition (3.7)), for 'iIja,0- We apply 
(1.13) with ip\ replaced by this function. Now, we take the derivatives of this equality with respect to the 
variables x\ (A G A), we restrict then to the diagonal, and we report into (9.17), we take also the derivative 
with respect to 6, and we report both in the expression of F2{6) defined in (9.10). We remark that, if a 
function does not depend on x, its correlation with any other one vanishes. In order to write more shortly 
what we obtain, we introduce the following notations: 

""xit) = -(Vx;,V'A,e)(0,0,i) fx,Q{x,t) = {A^^TQil)A,e){x,x,t) 9x,Q{x,t) = {Va;^TQtpA,9){x,x,t) 

d 

hQ{x,t) = {TQ—'ipA,e){x,x,t). 

Thus, we obtain: 

(9.11) F2{e) = ^ J2 Cova,m(/a,q,V) E ^A(t) • CovA,t,e(5A,Q , V)- 

Q.Q'CA Q.Q'CA 

— J X] CovA,t,e[9x,Q-9x,Q' , hQ"j + ^ CovA,t,e{TQVA,e,hQ'). 

>eA Q.Q'CA 

Q,Q',Q"CA - 

Now, we shall estimate all the terms. By Theorem 1.2, /a,q, gx,Q and hq depend only on xq and, if ht < Tq: 

\fx,Q{x,t)\ + \gx,Q{^,t)\ < tK{e) < Q £diam(QU{A}) 

By Theorem 1.1, we can write |uA(t)| < Ct. By Proposition 6.1, we can write: 

\hQ{x,t)\ < tK{e) < Q >2'^ £diam(QU,rs(Q))_ 

We apply Theorem 1.3, in the multiplicative case, to estimate the four correlations in the expression of ^2(^)• 
If e < 5 < 1, we apply theorem 1.3 with S replaced by = VeS. We obtain: 

y |C0Va,m(/a,Q, hQ,)\ < hH'K{e, 5)^diaxn(QU{A})+dist(Q,Q')+diam(Q'u..(Q')) 

Therefore, using again (8.26), as in the proof of Lemma 8.4, we get: 

^ E \GoyA,tAf\Q,hQ')\<hH^K{e,d) ^ 6"'^'^^''^^ < hH'K{e,5)\A^\. 

q,'o'4a A6A,^6A^ 

The other terms in the expression (9.11) of F2{0) arc bounded in the same way, excepted the terms 
GoY A,t,eiTQVe,hQi) such that Q is reduced to a single point A, for which we need the point d) of Theo- 
rem 1.3: 

\CoYA,t,e{Twye,hQ,)\ < K{t,h,e,5)\\WTQVe\\ <5dist(Q,Q')+diam(QW(Q')) 

which gives us: 

|CovA,t,e(T{A}VA,e,V)l < K{t,h,e,5)\K^\. 

XeA,QCA 

The Proposition is proved, and Theorem 1.5 follows by the same arguments as Sjostrand [23], Section 8, 
p.45-46. 
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